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LXil. A Letter to the Right HomuraUe 
George Earl of Macclesfield, P* i?. S. 

concerning the Falue of an Annuity for 
Life y and the Probability of Survivor/hip. 
By Mr. James Dodfon. 

My Lord, 
Read Jan. 17,'tT OUR Lordfhip's approbation of my 
I754> X effay, concerning; the method of 
forming the feries for making logarithms, and that 
for rectifying the circle, without the affiftance of 
fluxions, has emboldened me to lay before you the 
following inveftigations, concerning the value of ah 
annuity tor life (fecured by land), and the probability 
of furvivorfhip, between two perfons of given ages * r 
neither of which have (as I believe) been before at- 
tempted to be found, otheirwife than by fluxions ; at 
leaft, no fuch attempt has Appeared in public. 

I am fenfible that I ought to apologize for reciting 
the principles, upon which calculations of this kind 
are commonly founded,, becaufe I know that your 
Lordfhip is perfe&ly well acquainted with them ; but 
I plead in excufe thereof, that I found a great diffi- 
culty would attend the rendring my argument iiitellU 
gible and conclusive, if they were omitted. I am, 
with the greateft deference, my Lord, 

Your Lordfhip's moll obliged, 

a&d moft humble fervant* 

Bell -Dock, Wapptng, t t\ Jr 

oa. 18, 1753. J- Uodionu 
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The writers upon the fubjed: of annuities on lives 
have very juftly diftinguifhed them into two kinds : 
In the firft, the annuitant is entituled to receive a pay- 
ment, if he be alive on the day on which it becomes 
due ; but if he dies on the preceding day, or fooner, 
his heirs have no claim to any part of the payment, 
fo to have became due; but in the fecond, if the an- 
nuitant dies at any intermediate time, between the 
days of payment, his heirs are to receive a part of 
the annuity, proportional to the time elapfed, between 
the preceding day of payment and the annuitant's 
deceafe. 

This latter kind of annuities have been diftinguifhed 
from the former, by the words, fecuredby a grant of 
lands ; becaufe, where lands are leafed for lives, the 
conditions are generally fuch as are above defcribed. 

The values of the firft kind of annuities have 
been inveftigated upon principles purely arithmetical ; 
but, in order to perform the latter, fluxions have been 
ufed (as I humbly conceive) without any neceffity : 
But as the investigation of the former may be ufefully 
made a part of the latter, I fhall firft recite the me- 
thod of performing that, and then proceed to attempt 
the other, upon the fame principles. 

If, with the fagacious mathematician Mr. Abra- 
ham De Moivre, we fuppofe the decrements of life 
to be equal {viz. that out of a number of perfons, 
alive at a given age, equal to the number of years 
that a perfon of that age hath a poflibility of living, 
there will die one in each year, till they are all ex- 
tind) ; then, out of a number of chances equal to 
that number of perfons, which may, for inftance, 

be 
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be 36, all but one are favourable, in the fir ft year, 
to any individual 5 and, confequently, it is 3 f to 1 , 
that he receives one payment of the annuity, by living 
till it becomes due 5 that is^ the probability of his 
receiving it, is ■§£, an ^ ^tat of his not receiving it, fo 

Again $ fince, by fuppofition, there dies but one 
perfon in the firft year, and one in the fecond ; there 
are but two chances, in the 36, againft his receiving 
the fecond payment, by living till it becomes due ; 
and, confequefttly, || will be the probability of his 
receiving that alfo ; the probability of his dying in 
that year being -jfe, as before. 

In like manner it may be proved, that the proba- 
bility of his receiving the third, fourth, fifth, &c. 
payment, will be jf-, •$£, f£, ©V. and therefore, if 
the annual payments were each 1 /. and if the in- 
terest of money was not to be confidered, we might 
conceive thefe feveral probabilities, as the prefent 
worths of the feveral payments, and the fum of them 
would be the value of an annuity of the firft kind. 

But fince the intereft of money neeeflarily enters 
the procefs, and fince the payments become due at 
the end of the firft, fecond, third, &c. year ; there- 
fore the firft of thefe payments muft be difcounted 
for one year, the fecond for two years, the third for 
three years, &c. and the fum of their prefent worths 
will be the value of an annuity of the firft kind, to 
continue during the life of a perfon, who may poflibly 
live 36 years 5 and this fum may be found by an eafy 
and well-known procefs (from the common tables of 
compound intereft and annuities), which need not be 
inferted here. 

<Lq q The 
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The annuity fecured by land muft neeeflkrily be of 
greater value than the above; becaufe, altho' tlte an- 
nuitant dies before the payment becomes due, yet his 
heirs are to receive a part thereof; the annuitant, 
therefore, in this cafe, hath not only the probability 
!|- of receiving the firft payment, but he hath alfo an 
expectation upon part of the probability y#, Whteh, irt 
the firft cafe, was wholly againft him. NoW it may 
be cdcemcd an equal chance (fuppofing him to die 
In the firft year) whether that deceafe happens before 
the expiration of half that year, or after it ; and if 
it happens before, he is to receive lefs than half the 
annual payment; but if after it, more. 

The annuitant may, therefore, be fuppofed to have 
an equal chance, if he fails of receiving the whole 
firft payment, yet of receiving half thereof; and, 
confequently, half of the probability, ^ which was 
before totally againft him, will (in this cafe) be fa- 
vourable to him; and his expe&ation of receiving 
either the whole, or at leaft half of the firft payment, 
will be ■§£ + tt. 

In like manner, fince the probability of his dying, 
in the fecond year, is, alfo, -fa ; we may (by arguing 
in the fame manner) prove, that one half thereof will 
(in this cafe) become favourable to him ; and, confe- 
quently, that if + tV wiM be the probability of his 
receiving the whole, or at leaft half, of the fecond pay- 
ment* 

It appears, therefore, that, for every year which he 
hath the poffibility of living, he will (in this cafe) 
have the probability ( 7 V or) half of ?£ in his favour, 
more than he had in the former cafe ; and therefore, 

if the prefent worths of the conftant fum y* A (&p- 

pofed 
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pofedtobe due at the end of one, two, three, &c. 
years) be found, and added to the value of the an- 
nuity, according to the former cafe, the fum will be 
the yatoe of an annuity, fecured by land, to continue 
during the life of a perfon who may poffibly live 36 
years, 

7 Now fince the fums, whereby the former annuity 
is to be increafed, confift of the prefent worths of 
that fraaion of a pound fterling (whofe numerator is 
unity, and denominator twice the number of years 
that the annuitant can poffibly live) fuppofed to be 
due at the end of each of one, two, three, &c. years ; 
it will follow, that their amount, or the difference be- 
tween the values of the two annuities, will be equal 
to the quotient, found by dividing the value of an an- 
nuity of 1 L certain* for as many years as the an- 
nuitant can poffibly live, by twice that number of 
years ': And, therefore, if to the value of an annuity 
for life, of the firft kind, we add the quotient fo 
found * the fum will be the value of an annuity, of 
the fecond kind, for the fame life. 

When I had thus inveftigated the value of this an- 
nuity, I compared the ref ult with that Mr. De Moivre 
has deduced from fluxions, which is publifhed in 
N° 473. of the PhilofophicalTranfafiiom ; and found, 
that they agree to more than a fufficient exadtnefs, for 
computations of this nature : I have, therefore, an- 
nexed that comparifon her eto. 

The above-mentioned author, and others, have alfo 
calculated the probabilities of furvivorfhip, by a flux- 
ional procefs; which probabilities will flow from what 
is above premifed, by a very eafy calculus ; in the 
doing which, the above yearly probabilities of the an- 

Qjq q 2 nuitant 
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nuitant's receiving the whole firft, fecond, third, &c* 
payment, or at leaft the halves of them (being, in 
fad, the probabilities of his living the whole of thofe 
years , or at leaft the halves of them), are called the 
expectations of life, in thofe years. 

Mr. De Moivre has proved, on another occafion, 
that, if there be an expectation, to take place upon 
the happening of two independent events, the proba- 
bility of the compound event, will be the produCt of 
the two fingle probabilities : Now, if there be an ex- 
pedition, depending on one man's furviving another, 
it muft neceffarily be compounded of the probabi- 
lities of the one's living, and of the other's dying. 
Now let the perfon, upon whofe furviving the ex- 
pectation depends, be of fuch an age, that he may 
poffibly live 36 years ; and let the perfon, who is to 
be furvived, be of that age, that he may poffibly live 
43 years: Then fince the furvivor's expectation of 
life will, in the firft, fecond, third, &c. year, be 
It + 7?> i£ + "&> M + tV» &c. and fince the pro- 
bability of the other's dying, in any one year, will be 
* T %| therefore, if the former be fever ally m ultiplied 

by the latter, theproduCts arifing, viz,, jf + 7V x rr> 
s± 4- t l x^, f£ -J- y T x T x 7 , &c. will exhibit the 
probabilities of the furvivorftiip's taking place, in the 
iirft, fecond, third, &c. years. 

For the above expectations contain the probabilities 
of the furvivor's living the whole, or (at leaft) the 
halves of the firft, fecond, third, &c years; and the 
conftant faCtor, *V> is the probability of the other's 
dying, fome time within one of thofe years; which 
may, therefore, be either in the firft, or in the fecond, 
half year, of either of them; thro* both of which 

periods, 
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periods, the probability of the furvivor*s living is 
above exhibited ; and, confequently, the probabilities 
of the furvivorfhip's taking place, in thofe times, will 
be feverally reprefented by the above produ&s. 

Now the fum of 36 terms of this feries of pro- 
ducts, will, upon computation, appear to. be ^-f 5 which 
is, therefore, the probability of the furvivorfhip re- 
quired. 

But if, inftead of requiring, as above, the probabi- 
lity of the elder perfon's furviving the younger, it 
were required to find the probability of the younger 
perfon's furviving the elder ; then, fince it is almoft a 
certainty, that both of them will not die in the fame 
moment of time j we may, by denoting that certainty 
by unity (agreeable to another principle eftablifhed in 
the do&rine of chances) determine the probability re- 
quired to be (1 — ti or ) ^i : The algebraic invefti- 
gation of each of thefe cafes is annexed, to which I 
beg leave to. refer* for a farther illuftration 5. andfhall 
only obferve, farther, that the above two refults will, 
upon comparifon with thofe given, upon a fluxional 
procefs by Mr. I>e Moivre, in his treatife of annuities 
on lives, appear to coincide with them exa&ly. 

The probability of any order of furvivorfhip, that 
can happen among three perfons, and, confequently, 
that of one perfon's furviving two others, may, like- 
wife, be inveftigated upon fimilar principles, without 
the affiftance of fluxions 5 but as this problem admits 
of fix cafes, and the algebraic procefs is of a length, 
too great for the defigned limits of this effey, I beg 
leave to poftpone it* 

.Acorn- 



C 494 ] 

A comparifon of the refuti of th( befmgoing invefli^ 
gat ion of the value of an annuity for life (fecu fed 
by land) y with the value thereof given by Mr. De 
Moivre, in p. 67+ of N p 473. of the Philofophical 
Tranfa&ions, 

If the annua! payment, or rent. Be fuppofed to be 
1 /. ; if the rate of intereft (that is, the amount of xl. 
and its intereft for one year) be denoted by r $ the 
number of years which the annuitant may poffibly 
live (called by Mr. De Moivre the complement of life) 
by n ; and the value of an annuity of 1 1, per annum > 
certain for n years, by P: Then, by Prob. I. of Mr. 
De Moivres treatife of annuities on lives, the value 
of an annuity (not fecured f?y land) for the life of a 

i~ r -p 

it 

perfon, whofe complement is n % will be ; to 

which if — be added, the fum - — *-—. + -~ will, 
zn r— 1 2 n 

according to the refult of the above inveftigation, be 
the value of an annuity (fecured by land) for the life 
of the fame perfon : And if the hyperbolic logarithm 
of r be denoted by a \ then, by the above-quoted 

1 P 

Phihfophical Tranfatfion, — — — will be the 

/•—I an 

value of the fame annuity, according to Mr. De 
Moivre : Let us proceed, therefore, to examine, whe- 
ther 
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r p 

1 n P 

ther thefe two expreffions, viz. j and 

r r — i in 

i P 

f — — r afe equaly or nearly fo. 

r« — i ## 

It is well known, that the hyperbolic logarithm 
of any number, r, is equal to the infinite feries, 



2 r — i 2 r 

X ■" '" - -4— *— X 






-{ — x 



&c. and, in this 



cafe (fince the iiitereft of money has not, for many 
years, exceeded f /. peY cent, and is continually de- 
creafing), r will be always expounded by fome of the 
following numbers, 1,05. 1,04. 1,05. &c. or others 
intermediate to them 5 in the greateft of which (viz. 
1,05) r — 1 will be expounded by (,oj or) •*%, and 

r + 1 by (2,05- or) |£ ; whence, - x — — , the firft 

I T-\- 1 



term of the feries will be — . and -- x 



will be 
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a calculation of this kind : and therefore, - x -Zl~ 

the firft term of the feries, will be nearly equal (o <*, 
and may be wrote for it. 

Now by writing - x ■— - for «> the value of the 

1 P I 

espreffion, — — , will become _ 

r + 1 
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—— ; and it remains, only, to prove the equa« 

r— .1 x zn 

1 n P i 

lity of the expreffions, ^ and — — 

J r r— i m r—i 

L= , which may be done as follows : 

r — i x in 

I P 

Put ., , , JU . „ ss JV» 

r — i zn 

Then i — - P + — P = 7^\ x iST ; 

# 2 n 



But, Becaufe 



r 2 r 

n™~* in 



And 



7 



2ti in m 

Therefore i ~~^ P = £^i x #> 

2# 



■i— ii ■ « 



If*-4-T * P 

Whence ■ -— , ■ ■ - =as iv: 
r — i r — IXJ j# 

And the equality of the two expreffions is evident : 
From whence it appears, that the value of an an- 
nuity for life (fecured by land) might have been 
found, exactly enough, without the afiiftaiice of flu- 
xions* 



The 
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7%e invejiigation of the probabilities of furvivorjhip 
between two perfom of given ages. 

Let the complement of the younger life be de- 
noted by n A and that of the elder by p : Then, 

Firft, If the probability of the elder perfon's fur- 
viving the younger be required, let the fymbol p be 
ufed inftead of the number 36, and it will (from the 
argument above ufed) appear, that the expectations of 
the furvivor's life, for the firft, fecond, third, &c. 

years, will be reprefented by f - Y — , £ h 

i_, t=l + JL, &c. or )ifci, l£=l, *tz&, 

a/ p ^2/ J tp 2p z,p 

£?c. which expectations, being feverally multiplied 

into I, the yearly probability of the otto's d yin g, 

n 

will give * , — s IZZl &>c. for the pro- 
D 2 pn 2 pn zpn r 

bability of the furvivorfhip's taking place, in the firft, 
fecond, third, &c, years. 

Now fi-nce, by the hypothefis, the furvivor cannot 
poflibly out-live p years ; therefore, only, p terms of 
the above feries are to be ufed ; which feries, being 
an arithmetical progreffion, whofe greateft term is 

■ ^ ■■ ■ ■ , leaft term — — , and number of terms p ; 
2pn 2pn 

the fum thereof will, by a well-known rule, be 

( T P z - 1 + J-. % t = ±L yK P^)JL, which 

V zpn 2pn 2 znp % s zn 

R r r ex- 
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expreffion is exadtly the fame as Mr. De Moivre 
gives, in the 44th page of the 3d edition of his trea- 
tife of annuities on lives 5 which by the demonftra- 
don thereof, given in fol, 1 16. of the fame work, ap- 
pears to have been obtained by a Euxional procefs. 
Secondly, If the probability of the younger per- 

^ ft mm—m 1 

fon's furviving the elder be required y then, if < , 

2fl 

— — ?, ■ « ■ , ** , &c. the yearly expectations of the 
zn in 

continuance of the life of the younger, be feverally, 
multiplied by -, the yearly probability of the elder's 

dying j the products, , 2, :? fy^ m 

J D r z#j> a#^ 2-ar/> 

will give the probabilities of the furvivorihip's taking 
place, in the firft, fecond, third, &c. years. 

And here, as before, the furvivorfhip muft neccf- 
farily take place, before, or at, the end of p y^ars, the 
longeft time that the elder can poffihly live, by fup~ 
pofition ; $nd therefore, the fum of p terms, of the fer- 
ries above given, will be the anfwer. 

Now this feries is, alfo, an arithmetical progreffion, 

whofe greateft term is $ leaft, ■ ■ * ^ . ; and 

& %np znp * 

i*-*i 2n — 2/>+i 







\p znp 

^ p ^n—zp ^ p^ 4 n—2p^ i _ 2n—p ^ \ Jmmma ± 
z znp 2 zn i zn J zn 

will be the probability required j to which, if ■£, the 

pro- 
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probaTbility of the elder's furvivhig the younger, be 
added; the fum will be unity, as was above ob~ 
ferved. 



LXIIL A Letter to Mr. Peter Collinfon, 
F. R. S. concerning the Pheafant of Pen- 
fylvania, and the Otis Minor. By Mr, 
George Edwards. 

72? Mr. Peter Collinfon, F. R. S. 

r* T r* College of Phyficians, 

u I K y Jan. 10, 1754. 

Read Jan, 17, A Ccording to your requeft, and by 
!754- jf^ your affiftance, I have drawn up a 
brief account of the fowl, called a pheafant in Pen- 
fylvania, in order to lay it, together with the birds, 
before the Royal Society. 

The coloured print, Plate XV. reprefents what is 
called the pheafant in Penfylvania and other provinces 
of North America, tho* it rather belongs to that genus 
of birds, which in England we call heathcocks, moor- 
game, or grous. It is near as big as a pheafant, of a 
brownifh colour on the head and upper iide, and 
white on the breaft and belly ; beautifully variegated 
with lighter and darker colours on the back, and 
fpots of black on the under fide. Its legs are fea- 
thered down to the feet, which will appear by the 
bird preferved dry, here prefent, as well as by the 
print in miniature. As this bird is, in my judgment, 
wholly unknown to the curious of our country, I 

R r r 2 fhalL 



